Abstract. In this paper, we are interested in the evaluation of the zeta function of the simplest cubic field. We first introduce Siegel's formula for values of the zeta function of a totally real number field at negative odd integers. Next, we will develop a method of computing the sum of a divisor function for ideals, and will give a full description for a Siegel lattice of the simplest cubic field. Using these results, we will derive explicit expressions, which involve only rational integers, for values of a zeta function of the simplest cubic field. Finally, as an illustration of our method, we will give a table for zeta values for the first one hundred simplest cubic fields.
Introduction
Using finite dimensionality of elliptic modular forms of weight h, Siegel [7] developed an ingenious method of computing ζ K (b), where K is a totally real algebraic number field, ζ K (s) is the Dedekind zeta function of K, and b is a negative odd integer. However, evaluation of values of a zeta function by means of Siegel's formula requires complicated computations in algebraic number theory, since the formula involves terminology of algebraic number theory, such as norm, trace and different of K. The problem of expressing zeta values in terms of elementary functions was first studied by Zagier [10] . Siegel's formula has been exploited by Zagier to give an elementary expression for ζ K (1 − 2s), where K is a real quadratic field and s is a positive integer, which involves only rational integers and not algebraic numbers or norm of ideals. In this paper, we will be interested in expressing zeta values of a certain class of totally real cyclic cubic fields, which are called the simplest cubic fields, in terms of elementary functions.
It is well known (cf. [5, Appendix A.3] ) that every cyclic cubic field can be obtained by adjoining to Q a root of an irreducible polynomial are the other roots of f (x) so that K = Q(ρ) is a cyclic cubic field. The terminology "simplest cubic field" goes back to a work of Shanks [6] . He studied the arithmetic of a family of cyclic cubic fields which corresponds to m ∈ Z such that D = m 2 +3m+9 is a prime, and he called these fields the simplest cubic fields. The notion was extended by Washington [8] in which he studied the arithmetic of a family of cyclic cubic fields which corresponds to m ∈ Z, m ≡ 3 (mod 9). The simplest cubic field in the sense of this paper means that it corresponds to m ∈ Z such that D = m 2 + 3m + 9 is square-free. In this case, we have Proof. See [8] .
In this paper, we shall apply Siegel's formula to the simplest cubic field K to obtain an elementary expression of ζ K (1 − 2s). In Section 2, we will introduce Siegel's formula and the notion of a Siegel lattice. In Section 3, we will express the sum of an ideal divisor function σ r (A) in terms of the usual sum of divisor function σ r (n). In Section 4, we shall describe a Siegel lattice for the simplest cubic field. In Section 5, we will obtain a formula for the values of the zeta function of K which involves only rational integers. Finally, as an illustration of our computation, we will compute ζ K (−1), ζ K (−3), and ζ K (−5) for the first one hundred values of corresponding m's.
Siegel's formula and a Siegel lattice
In this section, we first state Siegel's formula for values of the zeta function of a totally real algebraic number field at negative odd integers. Next, we discuss what is needed to apply Siegel's formula for the computation of values of the zeta function. Finally, we introduce the notion of a Siegel lattice which will be crucial in our computation.
Let K be an algebraic number field and O K be the ring of integers of K. For an ideal A of O K , we define the sum of divisors function σ r (A) by setting
where B runs over all ideals of O K which divide A. Note that, if K = Q and A = (n), our definition coincides with the usual sum of the divisor function
Now let K be a totally real algebraic number field. For l, s = 1, 2, ..., we define
where δ denotes the different of K. Later we shall study the sum (3) intensively. At this moment, we remark that this is a finite sum.
We now state Siegel's formula.
Theorem 2.1 (Siegel) . Let s = 1, 2, ..., be a natural number, K a totally real algebraic number field of degree n, and h = 2sn. Then
The numbers r ≥ 1 and
where M h denotes the space of modular forms of weight h. Thus by a well-known formula,
Proof. See [7] or [10] .
Remark. By applying (4) to the simplest cubic field K, we obtain
Zagier [10] contains a table for values of Siegel coefficients b l (h) for 4 ≤ h ≤ 40. We quote the values of Siegel coefficients which will be necessary in our computation:
The essence of Siegel's formula is that it transforms an infinite series (i.e., the value of a zeta function) into finite sums involving S K l (2s) which itself is a finite sum of powers of divisors of ideal((ν)δ) over the ν's in K which satisfy the Siegel conditions described in (3). Therefore we need to establish the following two items to compute S K l (2s): (i) the method of computing the sum of a divisor function σ r (A) for an integral ideal A, (ii) the description of ν's in K which satisfy Siegel conditions described in (3).
In Section 3, we shall develop a method of computing the sum of divisor function σ r (A) when K is a cyclic extension of Q of prime degree. In Section 4, we shall give a full description of ν's in K which satisfy Siegel conditions when K is the simplest cubic field. At this moment, we examine the sum in equation (3) more closely for an arbitrary totally real algebraic number field K, and introduce the notion of a Siegel lattice which is first studied in [3] .
Let K be a totally real algebraic number field of degree n and S K (or simply S) be the set of elements in K which satisfy Siegel conditions described in (3) . Fix an integral basis {α 1 , ..., α n } of K. For ν ∈ K, we can write
and we have an embedding φ : K −→ R n given by
The condition ν ∈ δ −1 implies that the denominator of x i , i = 1, ..., n, is bounded by D K where D K denotes the discriminant of K. The condition tr(ν) = l is equivalent to saying that φ(ν) lies in the hyperplane
where a i = tr K/Q (α i ). Finally the condition ν 0 becomes n distinct linear inequalities defined over K in the variables x 1 , ..., x n . Therefore the elements ν in S can be put in one-to-one correspondence to the lattice points in a bounded (n−1)-dimensional region under φ. We shall call this lattice (or any set which can be put in one-to-one correspondence with this set under a suitable linear transformation) as a Siegel lattice for K and denote it by T K (or simply T ). Notice that equation (3) expresses S K l (2s) as a weight sum of divisor functions over a Siegel lattice. Hence the description of the Siegel lattice is of crucial importance in the computation of S K l (2s).
Computation of the sum of divisors
In this section, we develop a method of computing the sum of the divisor function of K when K is a cyclic extension of Q of prime degree.
Let K be a cyclic field of prime degree q and W denote the group of qth roots of unity and ζ be a primitive qth root of unity. We define an arithmetic function χ : N −→ W ∪ {0} in the following manner.
For a prime p, we set
and extend χ multiplicatively. We put χ j by χ j for j = 0, 1, 2, ..., q − 1.
Lemma 3.1. Let ζ be a primitive qth root of unity. Then we have
Proof. Consider the polynomial
and put
By simple computation, we have
where
By comparison of coefficients, we obtain
), (15) where N = Norm K/Q (A) denotes the norm of A, the function σ r on the right-hand side is the usual sum of divisors function defined by equation (2) in Section 2, and the summation is over all positive integers
Proof. We put σ r (A) to be the right-hand side of (15). Since σ r (A) and σ r (A) are both multiplicative, we may assume that A is a power P m of a prime ideal P. Let p be the rational prime lying below P. Then
where f is the inertial degree of P in K/Q. We have
To evaluate σ r (A), we must distinguish three cases, according to the value of χ(p).
where P 1 = P and P i , i = 2, ..., q, are the conjugates of P. If j|A q , then j|P
This means that j is a power of p. Since p splits completely, we must have j = 1. Hence j 1 = · · · = j q−1 = 1 is the only term on the right-hand side of (16). Therefore we have
and this coincides with (16) since f = 1.
, which implies that j is a power of p. Since χ(p) = 0, the only term in σ r (A) that does not vanish is the term corresponding to j 1 = · · · = j q−1 = 1, namely, σ r (N ). Therefore, we have
Write
Furthermore, from (18) it follows that
Finally, we get
Now we consider two cases, say m is even or m is odd. We only give a proof for the case that m is even since the other case can be treated similarly. Write m = 2m . Then [
So, we get
This agrees with (16) since f = q.
Remark 3.1. When q = 2, i.e., K is a real quadratic field, the equation (15) becomes the formula obtained by Zagier [10] .
Description of a Siegel lattice for the simplest cubic fields
In this section, we shall give a full description of a Siegel lattice for the simplest cubic field. As a result, we derive a formula for the number of points in a Siegel lattice.
Let m(≥ −1) be an integer such that m 2 + 3m + 9 is square-free and K be the simplest cubic field defined by the irreducible polynomial
Recall that the discriminant d K , the ring of integers O K , and the different δ K of K are given, respectively, by
where ρ denotes the negative root of f (x). Let ν be an element of K. We can write
Now suppose that ν satisfies Siegel conditions, i.e.,
Hence we can write
with A, B, C ∈ Z.
From (25), (27), we obtain the following system of linear equations:
where Λ is a free module of rank 3 in Z 3 and D = m 2 + 3m + 9. By substitution of (31) into (28),(29),(30), we finally have 
By substitution of (37) into (35), we have
This condition becomes three linear inequalities in the variables a, b, c defined over K. Using (35),(37), we have the following system of linear inequalities in the variables c, t defined over K:
Let L 1 (resp., L 2 , L 3 ) denote the line in (c, t)-plane defined by the left-hand side of (38) (resp., (39),(40)). By simple computation, we obtain
We summarize the above computation as in the following proposition. 
Then the mapping η : S −→ T given by η(ν) = (c, t), where
c = c, t = a + 2c − 3l m (45)
gives a one-to-one correspondence between S and T . The inverse mapping τ : T −→ S is given by
where a = mt − 2c + 3l, b = 3t + (m + 2)c − l(m + 3).
Remark 4.1. A straightforward calculation shows that ν = τ (c, t) satisfies equation (27) with A, B, C in Z.
Example 4.1. As an illustration of our discussion, we describe the Siegel lattice T for the simplest cubic field K with m = 8. We first note that
is the cubic polynomial whose roots are the conjugates of (−ρ + ρ )l (resp., l ρ ). By estimating the roots of g l (x) and h l (x), we can find the rough location of vertices of the triangle. For the roots of g l (x), we have
Similarly, we obtain
For (c, t) ∈ T , the corresponding ν in S is given by
where a = mt − 2c + 3l, b = 3t + (m + 2)c − (m + 3)l, c = c. Since
it follows from a simple computation that
where b = 2t + c − 2l. Let N (c, t) denote the norm function N K/Q ((ν)δ). By elementary computation, we obtain
Note that a point (c, t) in the plane near the boundary the triangle lies inside the triangle if and only if N (c, t) > 0. Combining these data, we conclude that the Siegel lattice for K is given as in Figures 1 and 2 .
We now describe the Galois action on a Siegel lattice. We start from the following simple observation.
Lemma 4.2. Let K be a totally real Galois extension of Q with Galois group G. If ν ∈ K satisfies the Siegel conditions described in equation (26), then so does σ(ν) for σ ∈ G.
Proof. This is clear! The most important thing is to realize that this is an important fact. By Lemma 4.2, the Galois group G = Gal(K/Q) acts on the set S and S can be put into one-to-one correspondence with the Siegel lattice T . Therefore, we have the induced Galois action on T . Now we return to the simplest cubic field case and describe the Galois action on T . 
From the transformation formula (45), it follows that η(ν ) = (c , t ), where c = −2c − 3t + (m + 3)l and t = c + t. This proves the first assertion. Now suppose that the Galois action on T has a fixed point, say (c, t). Then it follows from (49) that (c, t) = (−2c − 3t + (m + 3)l, c + t).
Thus we must have c = 0 and (m + 3)l = 3t. Since m is not divisible by 3, we conclude that l is divisible by 3.
We now prove the main result of this section. Proof. We only give a detailed proof for the case m = 3s + 2, since the other case can be treated in the same manner. We assume that m ≥ 5. (The case of m = 2 can be treated by direct computation.) The basic idea of the proof is to find a set of representatives of "good shape" for the Galois action on T . First, we consider the case of tr(ν) = 1. First note that (1, 0) is the only point in the Siegel lattice with t = 0. Let l 0 be the point (1, 0). Then σ(l 0 ) (resp., σ 2 (l 0 )) is the point (m + 1, 1) (resp., (−m − 2, m + 1)). For 1 ≤ i ≤ s + 1, let l i be the line joining (3s + 5 − 3i, i) and (1, i) . By simple computation, we know that σ(l i ) is the line joining (−3s − 5 + 3i, 3s + 5 − 2i) and (3s + 2 − 3i, 1 + i), and σ 2 (l i ) is the line joining (0, i) and (−3s − 2 + 3i, 3s + 3 − 2i) (see Figure 3) . This proves that the set of lattice points on s+1 i=0 l i becomes a set of representatives for the Galois action (see Figure 5) . Therefore,
(3s + 5 − 3i)} = 3( 3s 2 + 7s + 6 2 ). Secondly, we consider the case of tr(ν) = 2. Let t 0 be the line joining (2, 0) and (3, 0) and t 1 be the line joining (1, 1) to (3s + 6, 1). For 2 ≤ i ≤ 2s + 3, let t i be the line joining (6s + 10 − 3i, i) and (1, i) . As in the case of tr(ν) = 1, the lattice points on 2s+3 i=0 t i becomes a set of representatives for the Galois action on T (see Figures 4 and 6) . Therefore, N 2 = 3(2 + 3s + 6 + 2s+3 i=2 (6s + 10 − 3i)) = 3(6s 2 + 14s + 13).
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Values of the zeta functions
In this section, we apply the previously discussed result to the evaluation of the zeta function of the simplest cubic field. We shall derive explicit expressions for
which are elementary in the sense that they involve only rational integers and not algebraic numbers or ideals. As an illustration, we present Table 1 
where N denotes the norm of ideal (ν)δ. 
Proof. Suppose that p
If p splits in K/Q, we can write (p) = PP P , and 3 , it follows that min(3a, 3b, 3c) ≥ 2, and consequently we have p|(ν)δ. Finally, if p is ramified in K/Q, p does not contribute in the sum (51) since the character value on the right-hand side of (51) vanishes.
From the unique factorization of ideals into prime ideals, it follows that
Now we shall compute S K 1 (2s). Let T be the Siegel lattice of K which is computed in Section 4 and corresponds to tr(ν) = l = 1. In Section 4, we have a one-to-one correspondence between points (c, t) in T and ideals (ν)δ, where ν is an element of K which satisfies the Siegel conditions, ν ∈ δ −1 , ν 0 and tr(ν) = 1. For (c, t) ∈ T, by equation (47), the corresponding ideal is given by
Let f m (c, t) be the norm of the ideal (ν)δ. By (48), it can be explicitly expressed by
Note that p|(ν)δ if and only if p = 1. By Lemma 5.1 we have c, t) ).
Thus we have
where T 0 denotes a set of representatives for the Galois action described in the proof of Theorem 4.4.
Next we shall compute S K 2 (2s). Let T denote the Siegel lattice which corresponds to tr(ν) = l = 2. As in the case l = 1, for (c, t) ∈ T the corresponding ideal is given by If either c or t is odd, then
If both c and t are even, then
whereT 0 denotes a set of representatives for the Galois action. By (6), (7), (8), (55), and (58), we finally have the following theorem. where T 0 (resp.,T 0 ) denotes a set of representatives for the Galois action on the Siegel lattice for tr(ν) = l = 1 (resp., tr(ν) = l = 2).
From Theorem 5.2, we can easily compute values of the zeta function of the simplest cubic field. As an illustration, we give Table 1 for values of −21ζ K (−1), 8190ζ K (−3), and −3591ζ K (−5) for the first one hundred simplest cubic fields.
We first give some remarks on our computation. where K is the maximal real subfield of cyclotomic field, Q(ζ 7 ). We note that this field is the same as the simplest cubic field with m = −1. By our computation, we have
By the functional equation, our result and Siegel's result coincide. More generally, we have (cf. [4] ) that if D = m 2 + 3m + 9 = p is a prime, our simplest cubic field corresponding to m is the cubic subfield of Q(ζ p ). Therefore our computation contains a table of zeta values of cubic subfield of Q(ζ p ), where p runs over primes of the form m 2 + 3m + 9. 
